J. Appl. Math. Comput. (2016) 50:59-71 @ CrossMark
DOI 10.1007/s12190-014-0858-2

ORIGINAL RESEARCH

Optimality conditions and duality results for
non-differentiable interval optimization problems

Ajay Kumar Bhurjee - Saroj Kumar Padhan

Received: 24 October 2014 / Published online: 6 January 2015
© Korean Society for Computational and Applied Mathematics 2015

Abstract In present study, an interval optimization problem is addressed in which
both objective and constraint functions are non-differentiable. The existence of the
solution for this problem is investigated. Further, the necessary and sufficient optimal-
ity conditions are explored. Moreover, the weak and strong duality relations between
the primal and the corresponding dual interval optimization problem are established.
Counterexamples are discussed to justify the present work.
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1 Introduction

Parameters in the objective and constraint functions of a general optimization problem
have been considered as fixed real numbers. However, in most of the real life situa-
tions, these parameters may contain some uncertainty due to the presence of indistinct
information in the data set. Such type of uncertainty can be easily interpreted in terms
of closed intervals. Therefore, the optimization problem with parameters as closed
intervals is called an interval optimization problem (I O P). The optimality condi-
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tions and duality theory for 7 O P plays an important role in optimization theory. The
duality relations for linear optimization problem with inexact data were well studied
[5,10,12-14,16]. Wu [17-19] and Jayswal et al. [7] discussed duality results and opti-
mality conditions for interval optimization problem in which the objective function
is an interval valued, constraint functions are real valued and both are differentiable.
Ahmad et al. [1] obtained sufficient optimality conditions and duality results for dif-
ferentiable interval optimization problems using generalized invexity.

If at least one of the objective and constraint functions in I O P is not differentiable,
then 7 O P becomes a non-differentiable / O P. Recently, Sun and Wang [15] gave the
concept of LU optimal solution to non-differentiable interval programming problem
problem, where objective function is interval valued and constraint functions are real
valued. Anurag et al. [2] discussed the optimality criteria using saddle point theory
for non-smooth interval optimization problem. The Fritz John and Kuhn-Tucker type
necessary and sufficient optimality conditions were described for this problem. They
also established desired duality theorems using LU partial ordering. However, the
optimality conditions and duality relations for general non-differentiable interval pro-
gramming problem in which objective and all constraints are interval valued functions,
have not been explored so far. Therefore, the aim of the investigation is to study the
optimality conditions and duality theory for a general interval optimization problem
without assuming the differentiability of the objective as well as constraint functions.

The remaining part of the composition is organized as follows. In Sect. 2, some
prerequisites, which are utilized for developing the solution is defined. Existence solu-
tion of 7 O P is discussed in Sect. 3. The necessary and sufficient optimality condition
for non-differentiable 7 O P is described in Sect. 4. In Sect. 5, The dual problem for
non-differentiable / O P is discussed and desire duality relations between primal and
dual problems are established.

2 Preliminaries

The following notations are used throughout the paper :

Bold capital letters denote closed intervals, and small letters denote real numbers.
I (R) is the set of all closed intervals in R.

(I(R))k is the product space I (R) X I(R) x ... X I[(R).

k times
C,’j is k-dimensional column vector whose elements are intervals. That is,

Cle (R, CH=(C1.Ca.....COT.Cj=[ch.cRl. je M. Ar=(1.2,... k).

For two real vectors a = (aj, az,...,an) ., b = (b1, ba,...,by)T in R", we
denote

az2,b<&a;>bi; a<,b<s a <b;a>,b< a; > b
a<yb<&a <bi,ieA,.
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The binary operation ® between two intervals A = [aX, a®] and B = [bL, bR] in
I(R), denoted by A® Bistheset {a*b :a € A,b € B}, where x € {+,—, -, /}
is a binary operation on the set of real numbers. In the case of division, A @ B, it
is assumed that O ¢ B. These interval operations can also be expressed in terms of
parameters. Any point in A may be expressed as a(t) = a® +t(a® —at), t € [0, 1].
Algebraic operations of intervals may be explained in parametric form as follows.

A®B = {a(t) xb®)| 11,1 € [0, 11} )

The following prerequisites are required to develop the results in Sects. 4 and 5.
The set of intervals I (R) is not a totally order set. Several partial orderings in I (R)
exist in the literature. The partial ordering in parametric form is considered due to
Bhurjee and Panda [4].

Definition 1 [4] For A, B € I(R),
A=<Bifa(t) <b(), Vte[0,1]and A <Bif A <Band A #B. 2)

Note : A < B is equivalent to a(t) < b(t),V t € [0, 1] and for at least one t’ #
t, a(t’) < b(t).

Many authors [6,9,17] defined interval valued function in several ways. The concept
of Bhurjee and Panda [4] for interval valued function is implemented in the parametric
form.

Definition 2 [4] For c(¢) € Cﬁ, let fe) : R" — R. For a given interval vector Cﬁ,
define an interval valued function FC/5 :R" — I(R) by

Fo () = [ foy @) | feio : R > R.c(0) € CLJ.

For every fixed x, if fqu)(x) is continuous in 7 then min,c[o 1 fe()(x) and
max, .o, 1t fe(r)(x) exist. In that case

Fer(x) = [ min fe)(x), max fc(t)(x)]-
v ref0,11¢ ref0,11¢

If fe)(x) is monotonically increasing in ¢, then FC;]3 (x) = [fe@)(x), fey)].

The convexity property is defined for interval valued function with respect to partial
ordering in order to develop the optimality conditions and duality relations for /O P.

Definition 3 [4] Suppose D C R”" is a convex set. For given Cﬁ e (I(R)X, the
interval valued function FC;'5 : D — I(R) is said to be convex with respect to < if for
every xj,x2 € Dand0 <A <1,

oLl Z'yl_ilsl
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From (2), one may observe that FC{5 is convex with respect to < means

Jewy(x1 + (1 = A)x2) < Afeey(x1) + (1 = 4) feqr (x2),
forall 7 € [0, 1]¥; ¢ is same in both sides. So we can conclude that Fcfé is convex with
respect to < if and only if f,(;)(x) is a convex function on D for every ¢ € [0, l]k.

Now, the differentiability and non-differentiability for interval valued functions in
parametric form are stated.

Definition 4 The interval valued function, FC’; : R" — I(R) is said to be differ-

entiable at x* if f.(, is differentiable at x* for every ¢ € [0, 17%. If for at least one
r € [0, 1%, feq) is not differentiable at x*, then ch is called non-differentiable
function at x*.

Example 1 An interval valued function, FC% CR2 > I (R) define as,

Fea(x1, x2) = 1, 3]lx1] @ [=2, 1] (Jx1] = [x2])
= {fc(t)(xl,xz)lc(l) € C2 fouy: R — R},

where foi)(x1,x2) = (1 + 2t)|x1] @ (=2 + 312)(|x1| — |x2]). Since f( is non-
differentiable function at (0, 0) for each #1, tp, so ch is non-differentiable interval
valued function at (0, 0).

Let X be a locally convex real vector space with dual space X’; let C be an open
convex subset of X;let& € X/;let f: X — R.

Definition 5 [3] The normal cone to the set C at x* € X denoted by N¢(x*), is
defined as

Ne(xt) = {g e X'| (x —xHTE <0,Vx ¢ X}

Definition 6 [3] Ata point x* € X, & € X’ is said to be the sub-gradient of a convex
function f if

(x —x9T& < f(x) — f(x), ¥x € X.

Definition 7 [3] Atapoint x* € X, & € X’ is said to be the sub-gradient of a strictly
convex function f if

(x —x9Te < f(x) — f(x*),Vx € X.

Definition 8 [3] The set of all sub-gradients of f at x* is called the sub-differential
of f at x* and is denoted by df (x*). That means

< f(x) — f(x*),Vx € X}
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Proposition 1 /8] Let f be an m-dimensional convex vector functions on the convex
set I' C R". Then either

@) f(x) <y 0 has a solution x € I" or
() p” f(x) = 0forallx € T for some p =, 0, p € R™ but never both.

3 Interval optimization problem
Consider the following interval optimization problem as,

(IOP) min FC/15 (x)

subject to GJD,,mj (x) 20, j €A,

where Fx, G,
v’ D

i R" — I(R) are represented by the sets, ché(x) = {feacr(x) |

. ’ k j ) j : /
fewy : R" = R, c(t) € Cv}andGDz,,j (x) = {gd(t})(x) | gd(t})(x) :R" —> R,d(tj) €
D,’}.

Following the partial orderings as in expression (2), the feasible region of /O P
can be expressed as the set,

F:{xeR":G’DZ,j(x)jo,jeAp}
=[x eR”:gé(I})(x) <0, Vi jedp)={xeR gfx) <0,je A,

where g®(x) = max g
/ 1he[0.1]")

j ;
d(z})(x)’ Jj €Ay

For weight function w(z) define as w : [0, l]k — R4, we construct a deterministic
optimization problem as follows.

(I0Py) géip/kw(t)fc(t)(x)dt,

1 1 1
wheresz/ / / L t= (1t ... . tp)" and dt = dndty . . . diy.
o Jo 0

——
k times
Here t1, 12, ..., t; are mutually independent and each #; varies in [0, 1]. So the

objective function of I O Py, is a function of x only, say @ (x). Hence I O P,, becomes

min® (x), where @ (x) = /w(t)fc(t)(x) dt.
xef k

@ Springer




64 A. K. Bhurjee, S. K. Padhan

Definition 9 [4] Any point x* € [ is called an efficient solution of 7O P if there is
nox € [ with

feyx) < feny(x™), V1 €0, 11¥ and for at least one 7 # ¢ L) < fc(ﬂ(x*).
“4)

The problem, 7/ O P is said to be a convex if the objective and constraint functions are
interval valued convex functions with respect to <.

Theorem 1 [4] If IOP is an interval valued convex programming problem then
10 Py, is a convex programming problem.

The relation between the solution of /O P and I O P, is developed as follows.

Theorem 2 Any point x* € F is an efficient solution of the convex I O P if and only
if x* is an optimal solution of 1 O Py,.

Proof Let x* be an efficient solution of a convex /O P, then there exists no x € [
satisfying the relation (4). Since O P is a convex interval optimization problem, so the
objective function Fcl; is interval valued convex functions with respect to <. Therefore
fe(r) 1s convex on a convex set f for each 7. From relation (4), this means that the
following system has no solution on f .

Jew(x) — fc(,)(x*) <0, VvVt e]0, l]k and for at least one
P#1 fopy@®) = fop (™) <0. Q)

Assume F(x) = (fer)(x) = feay(x), Teiy ) = feip) (x*))T. The system of inequal-
ities, (5) can be write as F(x) <, 0 has no solution, implies that F(x) <, 0 has
no solution. Hence from the Proposition 1, there exists W = (w(t), w(f))T # 0,
where w : [0, l]k — R, such that WTF(x) > 0 forall x € F has solution. This is
equivalent to

W) (fory @) = fotoy &) + WD foy @) = fuy () = 0. ©)

Integrating with respect to t = (t1,t, ..., %) and f = (f1, f2, ..., f), relation (6) is
equivalent to

/w(t)fc(z)(X)dt > /w(t)fc(,)(x*)dt VxefrF.
k k

This implies @ (x) > @ (x*). Hence x* is an optimal solution of 1 O P,,.
Conversely, let x* € F be an optimal solution of I O P,,. Assume that x* is not an
efficient solution of I O P, then there is some x € f with

ol Ll Zyl_ﬂbl
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For real valued functions w : [0, l]k — R, the above relations implies that

/ w(t) foqn (1)t < / W) foiy ()t = D(x) < ().

k k

This is the contradiction that x* is an optimal solution of 70O P,,. Hence x* is an
efficient solution of /O P. O

4 Optimality conditions for 1 O P
Consider the following deterministic optimization problem,
(P) min f(x) subjectto g;(x) <0,ie€ Ay, x € X,
where f, g; : X — R are continuous convex real valued functions, and X is a convex

subset of R".

Theorem 3 [11](Fritz John necessary optimality). If x* is an optimal solution of the
problem P, and for some x € X, g;(x) <0,Vi € A, then there exist§* > 0, 1* =
A5, )T 24 0, A% 5 0 such that

Agi(x*) =0, i€ Ap,
0€E°f (™) + D 2fagi(x™) + Nx (™).

i€y
Fritz John necessary optimality conditions for non-differentiable convex /O P have
been derived as follows.

Theorem 4 If x* is an efficient solution of the convex 1O P and for some x €
F, gf(x) < 0, j € Ap, then there exist § > 0 and AR = (AR,Ag, ...,)»ﬁ)T >y
0, AR =% 0 such that

R _R _ :

2igi(x*)=0,j€Ap,

000 ™)+ > ARagha™) + Np (™).
JEAp

Proof Letx* be an efficient solution of convex I O P. From Theorem 2, x* is an optimal
solution of convex problem / O Py, and for some x € f, gf (x) <0, j € Ap. Hence
from Theorem 3, there exist £ > 0 and A% = (Af, A%, ..., 25T =, 0, 4% # 0 such
that

R _R,/ %\ __ .
MR =0, ) € 4,

0€&dd(x) + > ARKogh(*) + Np(x¥).
JEA)

]

@ Springer




66 A. K. Bhurjee, S. K. Padhan

Theorem 5 Suppose Fcﬁ and GL m;sJ € Ap are interval valued convex functions
with respect to <. There exist x* € [ and & > 0, AR = ()»R,)»f, ...,AIIS)T >
0, AR % 0 such that

Ref(x*)=0,j €Ay,

000 (™) + » ARagha™) + Np (™). (7
JEA)

Then x* is an efficient solution of I O P.
Proof From (7), it follows that there is some o € 3P (x*), vf € agf(x*),j € Ap,
and n € Np (x*) such that 0 = §o + 37 5 Aj?vf + n. This implies

0= —x9T sa+z,\§vf+n ) )
JEA)

If x* is not an efficient solution of 7 O P, then there exists some x € / such that
fey(x) < feny(x™), Vi €0, 11¥ and for at least one 7 # ¢ L) < fc(ﬂ(x*).

Since Fcx is an interval valued convex function with respect to <, so for each 7, fe()
is a real valued convex function. The convexity of fe()(x) 1mphes the convexity of
@ (x), we have (x — x*)Tw < 0. For & > 0, this relation implies

(x —xHTea < 0. 9)
From AR >0, g; R(x) <o, ARgR(x*) =0,j € Ay, we have ARgR(x) < ARgR(x*)
Since GDm i Vj are interval valued convex functions with respect to <, so for each
t}, gé (1) are convex real valued functions. Convexity of gi ) implies the convexity
j j
of gf, we have

> x—xnTafk <. (10)

JEA),
Also for n € Np(x*), we have
(x—x9Tn <o. (11)

Adding (9), (10) and (11), we obtain

(x —x9T (o + Z ARUR +n) <0.
JEA)
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5 Duality theory for 1O P
The dual problem of the primal / O P is defined as follows.

(DIOP) max Fei(y)

subject to 0 € £9®(y) + . ARagh(y) + Np(y). (12)
JEA)

wReR(») =0, je 4,
Denote IT as the feasible set of DI O P and define as

= [(y, EAI0€EIB() + D A0gf () + Np(), 45 e () =0, j e Ap}.
JEA)

Now, we define the efficient solution of DI O P as efficient solution of /O P.

Definition 10 Any point (y*, &%, 2RB*) e IT is called an efficient solution of DI O P
if there is no (y, &, AR) e IT with

few @) = fey(¥), V1 €[0,1]° and for at least one 7 # t f, i (») > fuy (V).

Theorem 6 (Weak Duality). Let Fck and G j+J € Ap are interval valued convex

functions with respect to <. If x is a feaszble solutton of primal problem IO P and
(v, &, AR) is a feasible solution of dual problem DI O P. Then Fer(x) A Fer(y).

Proof We assume that Fck (x) < Fck (v). From (12), for some o € 9P (y), vk
9gf(y), j € Ajandn € Np(y) such that 0 = o + Yjea, AR+ n. This yields

0=@—»" [at+ D rAFof4n). (13)
JEA)
Similar way to derive relation (9), we have
(x—TEa <0. (14)

By x € [, (y, &, A®) e IT, we have the following inequalities

SRR = 0= D Aok ).

JEA), JEA),

. j . .
From the convexity of GD:, i+ J € Ap with respect to <, we get

15)
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Also, since n € Nf (y),
x—-yTn<o. (16)

Combining (14), (15) and (16), we obtain

(x—y)T §a+ZA§vf+n <0,
JEA)

which contradicts (13). Hence, this completes the proof. O

Theorem 7 (Strong Duality). Let x* be an efficient solution of 1O P, and at x* €
F, gf(x*) <0, Vj, then there exists €* > 0 and A\®* = (kf*, ARE AIIS*)T >, 0,

suchthat (x*, £*, \R*) e IT.If Fcﬁ and Gi) n; » ¥ j areinterval valued convex functions
with respect to <X then (x*, £*, AB%) is an efficient solution of DIOP.

Proof Since x* is an efficient solution of /O P, and at x* € [, gf x*) <0, jeA,.
From Theorem 4, there exists £* > 0 and A%X* > 0 such that

Rx R, %\ __ .
W eR(x) =0, ) € Ay,

0€&* 90 + D A agRx*) + Np(x¥).
JEA)

Hence (x*, £*, AR®*) e IT. Next suppose that (x*, £*, A%*) is not an efficient solution
of problem DI O P. Then, there exists a feasible solution (x, £, AR) of DI O P such
that

feyx) = fen(x™), Vit € [0, 11¥ and for at least one 7 # 1, feoy®) > fogp) (x™).

That is, FC{? (x) > FC{CI (x*), which contradicts the Theorem 6. Hence (x*, £*, A%*) is
an efficient solution of D/ O P. O

Theorem 8 (Converse Duality). Let x* and (y*, £*, A®*) be feasible solution for
primal problem I O P and dual problem DI O P, respectively. For all feasible point
(x,y), & + ZjeA Af*gf is strictly convex at y* and ®(x*) < @ (y*). Then
x* = y* '

Proof Assume that x* # y*. Since (y*, £*, AR*) is a feasible solution of dual problem
DIOP, so from (12), for some a* € 9P (y*), vf* € Bgf(y*), jeAjandn €
Np(y*) such that 0 = & + 37, 4 Ay 4 n. This yields

Rx_ R
D Ml
JEAp
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Since n € Np(y*), (x* — y)Tn < 0, we have

=y & at+ D k) > 0. (17)
JEA),

From the strictly convexity of §*® + > )»f* gf, (17) implies

JEAp

Eoa) + D MR > e o) + D A eRom. (18)

JEA) JEA)
Since x* € [ and (y* &%, AR*) e I, so Yjea, APFeR(*) < 0 and
Yjea, Aj?*gf(y*) > 0. From (18), we have £*® (x*) > £*®(y*), which contra-
dicts the assumption @ (x*) < @ (y*). Therefore x* = y*. O

Example 2 Consider the following interval optimization problem

(IoP) min F(xy, x2) = [Ix1 — x2/, [x1 — x2| + 2]
subject to g(x1, x2) = |x; — 1] <0,
(x1,x2) € X,
where X = {x, x2| |x1| < 1, |x2| < 1}.

For weight function w : [0, 1] — R, the corresponding deterministic problem
I10Pyis

1
(IOPy) min @ (x1, x2) =/ w(t)(|x1 — x2| + 2t)dt
0
subject to g(x1, x2) = |x; — 1] <0,
(x1,x2) € X.

In particular w(t) = 1, the problem 7 O P,, becomes,

(IO Py) min @ (x1, x2) = |x; —x2| + 1
subject to g(x1, x2) = |x1 — 1] <0,
(x1,x2) € X.

Since (x{,x3) = (1, 1) is the minimum solution of /O Py, so from Theorem 2,
(x}, x3) = (1, 1) is an efficient solution of /O P.
We have,

09(1,1) = {1, D},
0g(1,1) = {(x1, x2)[x2 > 0, x1 = —1},

|x2 >0, x1 > 0}.
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Then, there exist £ = 0, A1 = 1 such that
0,0) € £0®d(1,1) + A10g(1, 1) + Nx(1,1) and A1g(1,1) =0.

Theorem 4 is verified in this example.

6 Conclusion

The existence of the solution of interval optimization problem is discussed, where
the objective as well as the constraint functions are non-differentiable interval valued.
Necessary and sufficient optimality conditions for this problem are derived. Further,
a dual problem for this objective is defined and developed the relation between the
primal and the dual interval optimization problems. The duality theory and optimality
conditions for a general multi-objective interval optimization problem is established
without assuming the differentiability of the objective and constraint functions.
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